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A simple method for evaluation of the self-consistency
of the radial distribution functions and the orientation of water molecules
in the first coordination sphere from the results
of molecular dynamics calculations
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A simple method for determination of the angular orientation of water moleenles in the
first coordination sphere from the radial disicibution functions is proposed. A comparative
analysis of the ability of the mode! potentials of pair inferaction to take into account the eftects
of manybody intcractions (MBI was performed. The responses of the mode) pair potentials 1o
the MBI cffects in the first and sccond coordination spheres were found to be poorly correlated
with cach other. 1t was concluded that it is necessary 1o derive o new analyneal type of

potential functions of pair interaction,
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In our studics on the propertics of liguid water and
aqueous solutions by computer simulation we placed
special cmphasis on two aspects of the problem.

1. The most widely used procedure for cheeking the
adequacy of the empirical potential energy functions
Ly of pair interaction between molecules in vacuum (-
is the distunce between the centers of oxygen atoms)
using the results of computer simulation  involves a
comparison of the calculated radial distribution func-
tions (RDF) of the oxygen and hivdrogen atoms (go(r
and gy (). respectively) and the goy(r) functions with
the RDF obtained in X-ray. neutron, and clectron dif-
fraction studics of water.t These functions are also often
used for the parametrization of the expressions for the
function U(r): however, the results obtained i ditferent
studics differ appreciably. The data! have long been
considered as the most reliable. However, one can intro-
duce several criteria tor the self-consistency of data sets.
which can be used equally for evatuation of the data on
the RDF obtained either experimentally or in computer
simulation.

The simplest parametric critenion has a clear physical
meaning and can be expressed in the form

5, = M — ,lin —
oy = r'Voo — 7 on T row-

Hereafter, A, and ghm, denote the coordinates of the
kth maximum of the corresponding partial RDF. & = |
or 2; i, j = O or H: and ruy is the O—H bond length in
the molecule of figuid water. According 1o this criterion,
a data set is self-consistent if 3 < 0 and non-seclf-

consistent if 8, > (. For a molceule of ligmd water, the
ron value must lie between 0.9572 A (for an isolated
molecute in vacuun) and 1.01 A (for ice).r Neutron
scattering studies showed? that rpy = 0960 AL which
differs from the value 0.98 A recommended carlier.!
Calculations of the §; valuce using the experimental rgy
bond length (ro = 0960 A%y lead w0 §; = 0.0451
=0.077,4 0.010.5 —0.480 0. Here, two scts of experimen-
tal data are non-self-consistent.

Generally, positive §; values preclude a reliable de-
termination of the mutual oricntation of two neighbor-
ing molccules of liguid. while negative 8, values give no
information on the accuracy of the coordinates of the
RDF extrema found in the cxperiments. Analvsis of the
results of a reeent neutron diffraction study? of water
suggests that ta) the distance #1Mgq is shorter than that
reported carlier ! and, therefore. the §; value we caleu-
fated from the published datal is in fact smatler or even
cquals zero {(unfortunately, only small-scale plots rather
than tabulated data for the RDF have been reported?):
(b) the error of determination of g""“[,- is 14%: (c) £'"™y0
cquals ~2.3 instcad of 3.09 (sce Refl 1): (d) positions of
the maxima of the functions gor(#) and gy (r) arc ciose
to those reported carlicr!; and (e) the estimates of
the ratios of the maxima g'™Mg,/g™gy < 1 and
$M/g™uy > 1 are valid. Thus, the fulfilment of
condition (¢) and simulitancous observation of the sec-
ond maximum of the function gop(r) at ~4.3 A should
be considered as a necessary, but not sufficient condi-
tion when assessing the adeguacy of the function U(r).
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Fig. 1. Mutual orientation ot the molecules in the gans-diner
of water (¢): the potestial functive of pair imteraction between
water molecules i vacuum, Lo 8. 9y for the rens-dimer of
water (/) and the ghnln RDEF for Hguid water (2 ().

The experimental data set reported in Rert 4 docs not
meet these conditions completely: however. since in this
case §; < 0. we used these data for deternnmation ol the
mutual oricatation of two molccules of liquid water. The

notations of angles are given in Fig. 1, a. The planc of

the first molecule is perpendicular to the drawing plance,
which simultancously is the svmmetry planc of this
molecule; the second molecule lies in the drawing plance.
Using a graphical procedure described below, we found
that 8 = 61°, vy = —23.5°. and o(H—0—H) = 110.5°.
Taking into account the roughness of the graphical
construction and the errors of experimental data  our
results are in fairky good agreement with the values
# = 787 and a(H-~-O—H) = 102.6°3 found from the
neutron diffraction caperiments. The use of non-sclf-
consistent datalsS leads to the tollowing values of the
angles 0, v, and ol H—-0—H): 43°—62°, §.6°. and 96.5°
and 70.5°, 4.3° and 96° for the data sets reported in the
former und in the latter study. respectively!”

2. 1t is known (see, eg.. Refs. 8 9) that the use of

strongly different analytical functions {4r) (including
those obtained in the ab initio calculations) derived to be
used in various models of the water molecule tor the
description of the propertics of a thnd, which is often
called computer water, leads to surprisingly qualitatively
similar results. A formal explanation is almost trivial and
ties in the fact that after a certain parametrization of the
function U(r) 1 order 1o reproduce particular physical
propertics of water the U(r) functions obtained work
fairly well in approximatng an exact function, which ts

known to be donc in a virtually uncountable number of
ways. Physically, this can be rationalized 1% by taking
mto account the manvbody interactions which change
the orientation of a st of three arbitrarily chosen water
molecules, due to the action of the pair potential U(r),
near @M. Simulancously. the abscnce of correlation
between the g!Wq and g2 values has been shown U
In this work, we will consider how the orientation of the
molecuies in the first coordination sphere depends on
the type of the function L(s).

he configuration of a water dimer, (H,0)s. in
vacuum is usually found from the results of minimiza-
tion of the function Glr) ustng the distance rgg and the
angles 8, y, and w (sce Fig. 1. @) as independent vari-
ables. By symmetry of the potential functions for any
(rigid. tlcxible. polarizable, and flexible and polarizable)
models of the water molecule and according to ab inirio
calculations, the global potential encrgy minimum cor-
responds to y,, = 0, while other parameters depend on
the model used and vary between —10° and +18° for v,

-
200 and 60° for 8,,, 2.7 and 2.9 A for r,, and —4.5 and
—=7.5 keal mol™! tor U, tsec. e.g., Refs. 4, 10: U and r,,
arc the coordinates of the minimum of the U{r) function
(Fig. t. p. Therefore. the trans-configuration of the
water dimer (sce Fig. [, @) is the most encrgetically
stuble.

When using the function U(#) in computer simulation
ol the propertics of hguid water by the molecular dy-
namics, Monte Carlo, or integral cquations methods, the
manybody cffects (cavironment) will change the mutuul
oricntation of two neighbaring water molecules, so that
the 8 and y values will differ from ¢, and v,,. For
different functions (). the differences 8 ~ 6, and
Y ~ ¥, will also be different: hence they can serve as
cffeetive characteristics of specific behavior of these fune-
tions. Computer simulation allows determination of the
angics 8 and vin a different manner; however, studics on
this aspect arc scarce. Since comparison of the proper-
ties of the functions Lfr) requires a large set of corre-
sponding functions to be processed using the same com-
putational procedure, it is appropriate to use the RDF
reported in the vast majority of studies.

Calculation procedure

The caleufation procedure proposed in this work s very
stimple and can as appropriately be used with the experimental
RDF as with those obtained in computer simulation. However,
in the tormer casc the procedure always is more lubor-consum-
g since it requires the determination of four parameters (the
angles 9 and . the bond length in the water molecule 7y, wnd
the boad angle H—0C—H). whereas in the latter case the
distance rgyy and the angle H—-0—~H for rgd models arce
parameters of the known pofential tunction ot pair interaction.
The procedure involves determination of the coordinates of the
points shared by two arcs {circumferences) by solving a corre-
sponding system of cquations. The order of operations s
insignificaut; however, difterent versions of the procedure take
ditterent times and give resudts of ditferent accuracy.
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Fig. 2. Scheme of grophical construction used for deternuna-
tion of the angles of the mutual orientation of water molccutes

in the first coordination sphere and establishment of the sign of

the angle 1.

Figure 2 illustrates one of the most convenient schemes tor
&, < 0. The zbsolute value of the angle v is immediately
caleulated:

. 3 ; v P R - "
cosy = JUrgy® = PG00 = 0T 1 Qron e M on).

bul deternination ol its sign requires some additional opera-
tions. To make the calculations less labor-consuming, one
should tist obtain o graphical solution of the problem (see
Fig. 2). which allows rejection of one mtersection paint for cach
pair of circumferences, except tor the pair ¢z —ca.

Graptiucal construction and corresponding caleulations are
carried out as follows.

. Circumscribe a circumierence ¢ of radius Ry = 00
with its center at an arbitrary poiat Q). which comncides with the
center of the O atom of molecule 1

2. Choose a point 0, on the circumference ¢ which
coincides with the center of the O atom of molecule 2. and
circumseribe a circumterence oo of radius Ry = sy with it
center at point Os.

3. Circiniseribe a circumierence ¢x of radius Rz equal 1o the
projection of ryyp on the drawing plane in which molecule 2 lies,

i

Ry = ropeosfa(H—0-H)y/2]),

with its center at point O,
4. Circumseribe a circumterence oy of radius Ry cqual to the
N 4 4¢4
projection of =My on the same plane,

R,; = {(Ilmou)‘: - {f'()HSilll(L(l‘l—()—“)/z”:“":‘
with its center at point 0. )

The circumferences ¢ and oy intersect at a point 4. which
fixes the coordinates of the projections of the atoms H(3) and
H{4) on the drawing planc.

3. Circumseribe a circumterence ¢ of radiusy R: = OH
with its center at point 0. The circumferences ¢; and ¢»
intersect at points D and D°. one of which corresponds to the
actual position of the H(1) atom (see Fig. 1. a).

6. Circumscribe a ciccumference ¢, of radius B, = =Mq,
with its center at point O, which intersects the circumference
¢ at point 8. This allows determination of the sign of the angle
v using the H—O--H angle known from the model.

rim

7. To check the self-consistency of the data obtaimed in
computer simulation, et us circumseribe a circumference ¢z of
radius R equal to the projection of £y on the drawing
plane,

Ry = ('™ = fropsinlagH—0—H)/ 2112112

with its center at point (.

tdeally, the circumtercuces ¢ and ¢; should interseet at
point D. Actually, they intersect at point Dy, which allows
introduction ol the sceond self-coasistency parameter. 6> (the
angle of D-- O-—- D).

8. Circumscribe a circumterence ¢g of madius Ry equal to the
projection of 27, on the drawing planc,

Ry = {02m 07 = trgppinja(H—0—H)/2|121 12,

with irs center at point 8. The circumference ¢y intersects the
circumfercnce ¢y at point Ay, which allows introduction ot vet
another self-consistency parameter, 8z (the angle alA— Oy —4;)0.
since, ideally, points A and o) should coincide.

The parameters &, and 8y are used in assessing the accyracy
of determmation of the angles yand 8:

= (B 0= Oy— D) + Bl Oy— Or— D))/2£34/2.
TR ”51( ()_)——-OI -4+ '3,;‘ ()*_"—();*/ﬂ)'/2'_".'43‘;/"2.

D o~

108, = 0, we immediately get y = 00 while other operations
remiann the same as those deseribed above, However, i 8y > 0,
we cannol determine the position of point D), since in this case
the circumierences ¢, and ¢; share no points.

Results and Discussion

The caleulated valucs of the non-sclf-consistency
parameters of RDF. the angles v, and 6,,, as wcll as
their differences y — v, and 8 — 8, for several model pair
potentials are listed in Table | (for the standard nota-
tions of the potential functions and their parameters, sec
Refs. 8—11). It is now required to ascertain whether the
values found in this work correlate with other parameters
obtained in computer simulation. First of all. let us
clucidate the effect of changes in the mutual oricntation
of the nearest molecules. which are due to the transter of
two water molccules trom the gas to condensed phase
and responsible for the nonzero differences v — v, and
8 — 6,,. on the distance (ry) between the first and the
third molccule, the lateer being in the second coordina-
tion sphere of the former. 1% In computer simulation,
r3 becomes FMee and 8, becomes 8. As can be seen in
Fig. 3, there is no correlation between the differences
~Wyo — iy and 8 ~ 8, This confirms the conclusion
drawn carlicr!® ! that the compositions of the first and
sccond coordination spheres can be to some extent
different from each other. That is why the values g'™gq
and ¢™q, for different modcels of water (a total of
31 models were considered) do not correlate, ?! which
seems to be quite surpristng at {irst glance.

Even a very simple analysis of the values of the angles
6 and v leads to intriguing conclusions. First of all,
noteworthy is that these values do not correlate (the plot
is not shown). On the other hand. an increase in 6 leads
to an increase in the Coulomb repulsion between the
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Table 1. Paramcters §;—3y of the non-selt-consisteney of RDF | the equitibrium values of the angles v, and 8, (see Fiz. 1 o). and
their chiunges vy — v, and 6 — 8, due 1o manybody cifects
Maodel Reterence S1/A 8, hN Yo Y= Y 6. 6~ 8,
deg
SRWK?2 1] —0).0042 2.3 =il 8.0 i 91.0 =219
TiP3P 0 =133 14.7 =51 —4.0 ii7 21.0 44.3
SPC2 HY ~0.0330 8.4 =39 -2.0 14.2 23.0 36.6
Watts 4 —0.0400 3.3 -i1.7 =32 -16.6 19.7 471
RWK 4 -(.H272 1.0 42 4.0 b 67.4 2.7
RAWK?2 4 -.0072 10.3 =133 2.4 34 326 98
BNS 4 =0.0600 7.9 =123 0.0 16.0 35.0 =23
RWL 4 =0.0300 10.0 =166 25 3.0 258 33.0
sT2 4 =3.0400 13 —1.4 s RY 4.1 33.0 12.2
HE 4 -0.0470 7.6 =128 3.5 03 49 4 15.3
MCY 4 —0.0572 4.1 =234 4.0 12.3 374 2005
TipP4p 12 =0.2170 8.9 =2 1.0 344 48.0 5.3
TIPS2 12 -1, 1049 22 =199 1.0 201 47.0 9.8
BF 12 -0 1247 0.4 —20).0 2.0 219 S52.0 12.3
T3P 12 =0.1132 4.6 =33 =4.0 270 210 431
SPC 12 —~0.0060 4.8 -3.6 =30 8.1 21.0 38.6
ST2 12 -0.0293 5. ~4.4 - 10 123 320 12.3
ST2 13 =0.0600 4.2 =4 -1.0 17.2 52.0 4.2
DM (] 00700 - 194 0.0 RAN 33.0 203
MPp 13 ~1.0000 1.3 3.4 ~2.0 13.5 24.0 34t
MCY 13 —0.0272 7.4 ~14.9 4.0 7.1 37.1 203
ST4 14 —0.003 9.0 -39 0.0 136 66.0 6.9
Wall > -0.4270 8.0 -8.3 —4.0 206 220 378

H atoms owing to shortiening of the corresponding nter-
atomic distance. This can ke compensated by an increase
in the angle vy to the point where a decrease in the
Ol H(1) Coutomb attraction can be compensated by
an increase in the HE3)L..O2) and H(4)...0(2) Coulomb
attraction (see Figo 1, a). Addiionally, in computer
simulatton for the models considered the maximum prob-
ability of finding the nearest neighbor corresponds to a
distance r'Mgq such that FMg, >y, (sce Figo 1 b).
Henee. i the condensed phase the global potential
encrgy minimum is shifted along the raxis with respect
to the corresponding mimimum in the gas phase (ry).
Probably. the value ry corresponding to U{r) = 0 is also

’"’m()() =~ ri/A 8 = a,,/deyg
[.6 u <
. . . .« . 30
5
2" I * *0
0.3 =
30
0.4
b
0 —100
=130
{2 3 4 5 6 7 8 9 Joil 1213 14

Fig. 3. Changes in the differences 8 — 9, () along the monotonic
sequence 0 of changes in the differences =My = 15 (A for
different model potentials: DM (/), SRWK2 (2), Ev (5, Wall
(4. RWKIT (). TIPS2 (6), BNS (D). TIP4P (8). SPC2 (9. MP
Cih, ST2 (7 H. TIP3P (12, SPC (/). and ST4 (i,

shifted toward longer distances. This scems o be the
reason why gooln) = 0 already at » > g Gsee Frao 1L b).
All these changes are due to manvbody interactions in
the Higuid phasc; it scems that we are the first who
suceeeded in revealing their role at a microscopic fevel
using the angles 8 and .

Despite the fact that there is no correlation between
Moo and gmo6.M one can assume that the structure
and dvnamics of the molecules in the first and sccond
coordination spheres are related, though i a complex
manuer. On the one hand. the values g™y do not
correlate with the angles 8 referring to the first coordina-
uon sphere; on the other hand, there s a corrclation
between the 8 and g™, vatues, which characterize the
scecond coordination sphere (Fig. 4. the correlation coct-
ficient is 0.62). From physical considerations it is clear
that the probabilitics of finding neighbors O(1)...0(2) and
Oy Hely, O, He2y, O(2).. HB3). and O(2)...Hedy
(sce Fig. 1. a) arc closcly related with one another. It is
convenient ta use the ratio of the first and sccond peak
heights for the RDF gop(r). g5 = ¢'™on/gon. as a
generalized characteristic of these probabilitics. We found
that similarly to ¢'™y the parameter g)> correlates
neither with 8 nor with v, which indicates its "insensitiv-
iy” to the mutual oricntation of the molecules in the
first coordination sphere. At the same time, a correlation
between g'™ and g;» does exist (Fig. 5. the correlation
coctficient is 0.93).

The calculated values of the angles 8 and y are the
most probable time-average (or, by crgadicity of the
system. ensemblc-average) values. For a given pair of
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Fig. 4. Corrclation between g7, and 6 (the correlation
coefficient is 0.62) for different model potentials; TIPAP ( /).12
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Fig. 5. Corrclation between ¢! and gps (the correlation
cocliicient is 0,931 Jor ditferent model potentials: DM 0 H 13
RWL (3 HE (5.3 MCY (.13 MCY (54 RWK2 ()4 BF
(AN BNS (5.2 TIP3IP (9.2 SPC (/O TIP4P (/112 ST4
(I ST (A ST2 (I3 ST2 (IHA TIPS (112 wall
U SRWKY (7.1 SPC2 (7910 TIP3p (20110 Watts
2O ARWKE (2D 3 and MP (2.3

molccuics they are retained over the course of the mean
litetime of the hydrogen bond (~10 ps). Deviations from
these values are duce to simultancous changes in the
three angles 8, v, and w (see Fig. 1. @) and the distance
O(1)...0(2) {translational vibration vs). For a water dimer
in the gas phase. the frequencies of these vibrations can
be assessed reliably 19 We calculated all four frequencics
(vy. vg. v, and vy) and aseertained that there s no
corrclation between any of them and monotonic se-
quences of (1) the differences 8 — 8, and v — v, and {ii)
the values '™ and §™go. On the other hand. the
assumption that the dyvnamic behavior of molecules in a
local volume under consideration has no effect on the
state of molecules in the nearest local volume casts some
doubt. We believe that the scarch for vibrational modcs
corresponding to large-amplitude motions instcad of the
caleulated v, modes, which correspond to small-ampli-
tude motions, provides some way out, Such “large-

amplitude™ modes can be associated with the preparation
of molecule 2 for cscape from the nearest environment
of molccule 1.

This work is the last in a serics of studies® =1 devored
to derivation of a pew paramctrization of the potential
functions of pair intcraction. Sumnmung up. two major
conclusions can be drawn, which are significant for the
next step of investigations.

It is impossible to judge the efficiency of the func-
tions U(ry from the absolute values of the differences
9 — 8, and My, — i {tis of much greater impor-
tance to modity the analvtical torm of the function U(r
in order to get a correct response to the manybody
cffects rather than to "guess” it in order to obtain zero
differences. tois this approach that can provide agree-
ment between the results of computer simulation and
those obtained in physical experiments.

Weak correlation between the events in the first and
second coordination spheres atso requires modilication
of the analytical form of the function L) in order to
correct its behavior at distances r > r,, as compared to
that of the functions shown in Fig. 1. b
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